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Abstract
Over a d-dimensional Cohen-Macaulay local ring admitting a canonical module the definable closure
of the class of balanced big Cohen-Macaulay modules is d-cotilting and is the smallest such class con-
taining the maximal Cohen-Macaulay modules. We describe its cotilting structure and contrast it to
the largest d-cotilting class containing the maximal Cohen-Macaulay modules. The enables an implicit
classification of all d-cotilting classes containing the maximal Cohen-Macaulay modules.
1 Introduction
Cotilting classes of modules over commutative noetherian rings were characterised in [1], in which an
intimate relationship between cotilting classes and minimal injective resolutions of their constituent mod-
ules was given. We apply this classification in a particular situation, namely over Cohen-Macaulay local
rings admitting a canonical module, to consider the minimal cotilting class containing the (balanced big)
Cohen-Macaulay modules. More specifically, we show the following.
Theorem (4.7). Let R be a d-dimensional Cohen-Macaulay ring admitting a canonical module. Then the
definable closure of the class of balanced big Cohen-Macaulay modules is d-cotilting. Moreover, this class
has a balanced big Cohen-Macaulay cotilting module.
In particular, over such a ring this is the smallest d-cotilting class containing the maximal Cohen-Macaulay
modules. Using a result from [11], we are able to provide a detailed description of the structure of this
cotilting class, which enables us to describe the minimal injective resolutions of all balanced big Cohen-
Macaulay modules, generalising a classical result of R. Sharp.
We then consider classes of different Ext-depth by using the definition given in [14]. In particular, we
show the following result.
Theorem (4.10). Let R be a d-dimensional Cohen-Macaulay ring. Then the class
Di := {M ∈ Mod(R) : depthM ≥ i}
is (d− i)-cotilting for all 0 ≤ i ≤ d.
Again we provide a detailed description of the cotilting structure, and provide a cotilting module for the
d-cotilting class Dd, enabling us to compare this cotilting class with the one in 4.7. In particular, this will
be the largest d-cotilting class containing the maximal Cohen-Macaulay modules, so by the classification of
cotilting classes, stated below in 2.10, we implicitly describe the d-cotilting classes containing the maximal
Cohen-Macaulay modules.
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2 Cotilting modules and classes
Let R be a ring. We will denote the class of left R-modules by R-Mod. For a non-negative integer n, we
set
In = {M ∈ R-Mod : inj dimRM ≤ n},
and similarly define Pn with respect to projective dimension. We will let I<∞ (resp. P<∞) denote the
class of modules of finite injective (resp. projective) dimension. If A is a class of left R-modules, we set
A⊥ = {M ∈ R-Mod : Ext1R(A,M) = 0 for all A ∈ A}
to be the right Ext-orthogonal class of A. We similarly define ⊥A to be the left Ext-orthogonal class of A.
Definition 2.1. Let A be a class of R-modules. Say that A is resolving if it contains all the projective
R-modules and if 0 −→ L −→ M −→ N −→ 0 is a short exact sequence of modules with M,N ∈ A, we
have L ∈ A.
Let M be a left R-module. Recall that a submodule 0 −→ L −→ M is pure if for every right R-module
X, the sequence 0 −→ X ⊗R L −→ X ⊗RM is exact. A module N is said to be pure-injective if for any
pure submodule 0 −→ L −→M , the sequence HomR(M,N) −→ HomR(M/L,N) −→ 0 is exact.
Definition 2.2. Let D be a class of left R-modules. We say D is definable if it is closed under direct
limits, direct products and pure submodules.
Given any class A of left R-modules, we will let A denote its definable closure, that is the smallest definable
subcategory containing A. The definable closure always exists. If A is a class of finitely generated R-
modules, the following can sometimes be used to determine the definable closure.
Lemma 2.3. [12, 3.4.37] Let R be a ring and A a class of finitely generated R-modules that is closed
under finite direct sums. The following are equivalent:
(1) A is covariantly finite in R-mod, that is for every X ∈ R-mod there exists a morphism f : X −→ A
with A ∈ A such that given any other morphism g : X −→ A˜ with A˜ ∈ A there is a morphism
α : A −→ A˜ such that g = αf .
(2) A = lim−→A, the class of all modules obtainable as direct limits of directed systems of modules in A.
Example 2.1. The classes introduced in this example will be used throughout. Recall that a noetherian
ring R is Iwananga-Gorenstein, or simply Gorenstein, if it has finite self-injective dimension on both sides.
It is known (see [8, 9.1.8]) the left and right self-injective dimensions coincide, and we say R is n-Gorenstein
if this injective dimension is at most n. Over an n-Gorenstein ring, [8, 9.1.10] shows that there are equalities
of classes
P<∞ = Pn = In = I<∞.
Over an n-Gorenstein ring, define the class of Gorenstein projective modules as ⊥Pn, the class of Gorenstein
injective modules as P⊥n . and the class of Gorenstein flat modules to consist of the modules such that
Tor1R(E,M) = 0 for all right modules E of finite injective dimension. Over an n-Gorenstein ring [8, 11.8.3]
shows the class R-Gproj of finitely generated Gorenstein projective left R-modules is covariantly finite in
R-mod, hence
R-Gproj = lim−→R-Gproj,
and this is precisely the class of Gorenstein flat left R-modules by [8, 10.3.8]. In the case that R is
a commutative ring, we will let GProj(R) denote the class of all Gorenstein projective R-modules, and
similarly for the other classes defined.
We will now introduce the notion of cotilting modules and classes.
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Definition 2.4. Let R be a ring and C a left R-module. C is said to be cotilting if the following conditions
hold
(1) C has finite injective dimension;
(2) ExtiR(C
(κ), C) = 0 for all 1 ≤ i < ω and cardinal numbers κ,
(3) there is an r ≥ 0 and exact sequence 0 −→ Cr −→ Cr−1 −→ · · · −→ C0 −→ W −→ 0, where
Ci ∈ Prod(C) for all i ≤ r and W is an injective cogenerator for R-Mod.
If n < ω and the injective dimension of the cotilting module C is ≤ n, we say C is n-cotilting.
An n-cotilting module C induces an n-cotilting class C, defined to be
C = {M ∈ R-Mod : ExtiR(M,C) = 0 for all 1 ≤ i < ω}.
It is possible to determine whether an arbitrary class of left R-modules is an n-cotilting class, that is if it
is induced by a cotilting module.
Proposition 2.5. [3, 6.1] Let R be a ring and C a class of left R-modules. The following are equivalent.
(1) C is n-cotilting,
(2) C is definable, resolving and C⊥ ⊆ In;
(3) C is definable, resolving and if 0 −→ X −→ Cn−1 −→ · · · −→ C1 −→ C0 is an exact sequence of
modules with Ci ∈ C, then X ∈ C.
We call an exact sequence 0 −→ X −→ Cn−1 −→ · · · −→ C1 −→ C0 with each Ci ∈ C an n-submodule of
C.
Example 2.2. If R is a noetherian ring, [2, 3.4] showed that the class of Gorenstein flat right modules
form a cotilting class, that is they are n-cotilting for some n, if and only if R is Gorenstein.
Definition 2.6. Let C be a cotilting class induced by a cotilting module C. For each i ≥ 0 define the class
C(i) = {M ∈ R-Mod : ExtjR(M,C) = 0 for all j > i}.
If C is n-cotilting then directly from the definitions it is clear that C = C(0) ⊆ · · · ⊆ C(n−1) ⊂ C(n) = C(n+i) =
R-Mod for all i ≥ 0. Moreover, [10, 15.13] shows that for each 0 ≤ i ≤ n the class C(i) is (n− i)-cotilting.
As highlighted in [10, 15.14], the cotilting class C(i), including its cotilting module, it entirely dependent
on the cotilting class C. In particular, there is an equality
(C(i))(j) = C(i+j) (1)
for all i, j < ω. The following lemma follows immediately from the definition of the classes C(i).
Lemma 2.7. Let R be a ring and C a cotilting class. If 0 −→ L −→ M −→ N −→ 0 is a short exact
sequence of R-modules with M ∈ C, then L ∈ C if and only if N ∈ C(1).
From now onR will be a commutative noetherian ring. Over such rings, the cotilting classes were completely
characterised in [1]. For notation, we will let Ω−i(M) denote the i-th cosyzygy of M in a minimal injective
resolution, that is if 0 −→ M ϕ0−→ E0 ϕ1−→ E1 −→ · · · is a minimal injective resolution of M , Ω−i(M) =
Imϕi. Recall that p is an associated prime of an R-module M if there is an m ∈M such that AnnR(m) = p.
We will let AssM denote the associated primes of M and if A is a class of modules AssA := ⋃M∈AAssM .
Similarly, recall that the support of an R-module M is
Supp(M) = {p ∈ SpecR : Mp 6= 0}.
Proposition 2.8. [8, 9.2.4] Let M be an R-module and 0 −→ M −→ E0 −→ E1 −→ · · · be a minimal
injective resolution of M . Then
Ei '
⊕
p∈SpecR
E(R/p)(µi(p,M)),
where µi(p,M) = dimk(p) Ext
i
R(R/p,M)p.
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We call the µi(p,M) the Bass invariants of M . In order to state the classification of cotilting classes, we
recall that a subset X ⊂ SpecR is generalisation closed if whenever q ⊂ p and p ∈ X we have q ∈ X.
Definition 2.9. Let n ≥ 1. A sequence X = (X0, · · · , Xn−1) of subsets of SpecR is a characteristic
sequence if
(1) Xi is generalisation closed for all i < n;
(2) X0 ⊆ X1 ⊆ · · · ⊆ Xn−1;
(3) Ass Ω−i(R) ⊆ Xi for all i < n.
Given a characteristic sequence X, define a class of modules
CX = {M ∈ R-Mod : µi(p,M) = 0 for all i < n and p ∈ SpecR \Xi}.
Conversely, given an n-cotilting class C, we can consider the sequence of subsets of SpecR given by
(Ass C(0),Ass C(1), · · · ,Ass C(n−1)).
Theorem 2.10. [10, 16.19] The assignments X 7→ CX and C 7→ (Ass C(0),Ass C(1), · · · ,Ass C(n−1)) provide
a mutually inverse bijection between n-cotilting classes and characteristic sequences in SpecR.
3 Regular sequences, systems of parameters and maximal Cohen-Macaulay
modules
We will now turn our attention to some commutative algebra over local rings. We will let (R,m, k) denote
a commutative noetherian local ring; by dimR we mean the Krull dimension of R. If M is an R-module,
an element x ∈ m is said to be an M -regular element if xm = 0 for some m ∈M implies x = 0.
Definition 3.1. If M is an R-module, a sequence x = x1, · · · , xn of elements in m is an M -sequence if
the following conditions hold.
(1) xi is an M/(x1, · · · , xi−1)M -regular element for i = 1, · · · , n, and
(2) M/xM 6= 0.
If only the first condition holds, we call x a weak M -sequence.
Nakayama’s lemma implies that for any finitely generated R-module M , every weak M -sequence is an
M -sequence, but this does not, in general, hold for arbitrary R-modules. We will say that an M -sequence
x ⊂ m (resp. an ideal I ⊂ R) is maximal if for every y ∈ m (resp. y ∈ I), the concatenated sequence (x, y)
is not an M -sequence. A classical result by Rees, see [5, 1.2.5], states that for every finitely generated
R-module M and ideal I, the maximal M -sequences contained in I have a common length, called the grade
of I on M , denoted grade(I,M) which is given by the formula
grade(I,M) = inf{n ≥ 0 : ExtnR(R/I,M) 6= 0}. (2)
When I = m, we call grade(m,M) the depth of M . Rees’s theorem fails when the assumption of the module
being finitely generated is dropped; an example illustrating this can be found at [14, p. 91]. However,
we will still define the grade and depth of an arbitrary R-module by the equation in (2), saying that
grade(I,M) = ∞ if no such integer exists. There is also a dual notion, which we call cograde, and will
denote by cograde(I,M). It is given by
cograde(I,M) = inf{n ≥ 0 : TorRn (R/I,M) 6= 0.}
Again, we say that cograde(I,M) = ∞ if no such integer exists. Grade and cograde are related through
the following result.
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Lemma 3.2. [14, 6.1.8] Assume R be a local ring and M is R-module. Suppose I is an ideal minimally
generated by n elements of R. We have grade(I,M) <∞ if and only if cograde(I,M) <∞. If this holds
then
grade(I,M) + cograde(I,M) ≤ n.
In the case that we are considering the maximal ideal m, there are particular sequences of elements against
which it is enough to check the grade and cograde.
Definition 3.3. Suppose dimR = d. A system of parameters for R is a sequence x1, · · · , xd of elements
in R such that dimR/(x1, · · · , xd) = 0.
The following is a corollary to the above lemma.
Corollary 3.4. [14, 6.1.10] Let R be a d-dimensional local ring. Then depthM < ∞ if and only if
codepthM < ∞. In this case depthM + codepthM ≤ d. Moreover, depthM = d if and only if
ExtiR(R/x,M) = 0 for all i < d and every system of parameters x and it is enough to require this
for a single one.
Systems of parameters are related to the depth of a finitely generated R-module due to the following result.
Proposition 3.5. [7, 21.9] Suppose dimR = d and M is a finitely generated R-module. The following are
equivalent.
(1) Every system of parameters is an M -sequence;
(2) There is a system of parameters that is an M -sequence;
(3) depthM = d.
Definition 3.6. We say that a finitely generated R-module is a maximal Cohen-Macaulay module if it
satisfies the above conditions, or is zero. We say that R is a Cohen-Macaulay ring if it is a maximal
Cohen-Macaulay module over itself.
When the assumption of M being finitely generated is dropped, the above conditions are no longer equiv-
alent, although the first two still imply the third. Hochster introduced the following class of modules that
extends the maximal Cohen-Macaulay modules.
Definition 3.7. An R-module M is said to be a balanced big Cohen-Macaulay module if every system of
parameters is an M -sequence.
The maximal Cohen-Macaulay R-modules are precisely the finitely generated balanced big Cohen-Macaulay
modules and the zero module.
4 The definable closure of the balanced big Cohen-Macaulay modules
It is possible to further relate the maximal Cohen-Macaulay modules to the balanced big Cohen-Macaulay
modules; in order to do this we will restrict to R being a Cohen-Macaulay local ring. In this setting we will
let CM(R) denote the full subcategory of mod(R) consisting of the maximal Cohen-Macaulay modules, and
bbCM(R) denote the full subcategory of Mod(R) consisting of the balanced big Cohen-Macaulay modules.
Definition 4.1. Let (R,m, k) be a d-dimensional Cohen-Macaulay ring. A module CR ∈ CM(R) is a
canonical module if
dimk Ext
i
R(k,CR) =
{
1 if i = d,
0 otherwise.
The following highlights the relevant properties of canonical modules.
Proposition 4.2. [5, 3.3.4, 3.3.6] Let R be a Cohen-Macaulay ring.
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(1) If CR is a canonical module, then it is unique up to isomorphism;
(2) EndR(CR) ' R, so CR is faithful.
(3) A canonical module exists if and only if R is the homomorphic image of a Gorenstein local ring;
(4) The trivial extension Rn CR is a Gorenstein local ring with dimR = dimRn CR.
Assume that R is a Cohen-Macaulay ring with canonical module CR. The projection RnCR −→ R induces
a restriction of scalars functor Z : Mod(R) −→ Mod(R n CR) which, by [9, 1.6], is exact and restricts to
a functor CM(R) −→ CM(Rn CR) by [9, 5.1.v]. We are now in a position to state the closer relationship
between maximal Cohen-Macaulay modules and balanced big Cohen-Macaulay modules.
Theorem 4.3. [11, Theorem B, Prop. 2.4] Let R be a Cohen-Macaulay ring admitting a canonical module
CR. The following are equivalent for an R-module M .
(1) M ∈ lim−→CM(R).
(2) Every system of parameters is a weak M -sequence;
(3) TorRi (R/(x),M) = 0 for all R-sequences x and i ≥ 1;
(4) TorR1 (R/(x),M) = 0 for all R-sequences x;
(5) Z(M) is a Gorenstein flat Rn CR-module.
Corollary 4.4. The definable closure of the class of balanced big Cohen-Macaulay modules is lim−→CM(R).
Proof. The class lim−→CM(R) is definable by the above result, so it suffices to show it is the smallest definable
subcategory containing bbCM(R). Since every maximal Cohen-Macaulay module is a finitely generated
balanced big Cohen-Macaulay module,, it follows that the definable closure CM(R) is contained within the
definable closure of bbCM(R), but CM(R) = lim−→CM(R) by .
The following result enables one to identify the balanced big Cohen-Macaulay modules within lim−→CM(R).
Lemma 4.5. [4, 4.2] Let R be a Cohen-Macaulay ring of krull dimension d admitting a canonical module.
Then the class of balanced big Cohen-Macaulay R-modules is {M ∈ lim−→CM(R) : codepth(M) = 0} ={M ∈ lim−→CM(R) : depth(M) = d}.
For each 0 ≤ i ≤ dim R, define H(i) = {p ∈ SpecR : ht p ≤ i}, so, for instance, H(0) is the set of minimal
primes and H(d−1) is the punctured spectrum pSpecR = SpecR \ {m}. As mentioned in 2.2, if R is a
Gorenstein ring, GFlat(R) is cotilting. The following provides an extra bit of information that we will
need.
Lemma 4.6. Let R be a d-dimensional Gorenstein local ring. Then GFlat(R) is d-cotilting.
Proof. Since R is d-Gorenstion, GProj(R)⊥ = Id by [8, 11.5.3], but there is an inclusion GProj(R) ⊆
GFlat(R) by [8, 10.3.10]. Therefore GFlat(R)⊥ ⊆ Id. The class of Gorenstein flat modules is always
resolving and definable over a Gorenstein ring by [8, 10.3.8].
We are now in a position to state the first result relating to cotilting and balanced big Cohen-Macaulay
modules.
Theorem 4.7. Let R be a d-dimensional Cohen-Macaulay ring admitting a canonical module.
(1) The class lim−→CM(R) is d-cotilting,
(2) The characteristic sequence corresponding to lim−→CM(R) is
(H(0), H(1), · · · , H(d−1)).
(3) The corresponding sequence of cotilting classes is ([lim−→CM(R)](0), [lim−→CM(R)](1), · · · , [lim−→CM(R)](d−1)),
where
[lim−→CM(R)](i) = {M ∈ Mod(R) : Tor
R
j (R/(x),M) = 0 for all R-sequences x and j > i}.
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(4) There is a cotilting module for lim−→CM(R) that is a balanced big Cohen-Macaulay module.
Proof.
(1) The class lim−→CM(R) is definable by [4, 3.2] and resolving by 4.(4), so by 2.5 it suffices to show that
it is closed under d-submodules. Suppose 0 −→ X −→ M0 −→ M1 −→ · · · −→ Md−1 is an exact
sequence with Mi ∈ lim−→CM(R) for all 0 ≤ i ≤ d− 1. Since the functor Z : Mod(R) −→ Mod(RnCR)
is exact, the sequence
0 −→ Z(X) −→ Z(M0) −→ · · · −→ Z(Md−1) (3)
is exact in Mod(R n CR). By 4.(5), each Z(Mi) is a Gorenstein flat R n CR-module, hence (3) is a
d-submodule in GFlat(RnCR). Yet this is a d-cotilting class by 4.6, hence Z(X) is also a Gorenstein
flat Rn CR-module, so X ∈ lim−→CM(R) by 4.(5).
(2) LetX = (X0, · · · , Xd−1) denote the characteristic sequence corresponding to lim−→CM(R), so lim−→CM(R) =CX . We will show that Xi = H(i) for all i < d by considering the Bass invariants of the modules in
lim−→CM(R). First off, we show that if M ∈ lim−→CM(R) has µi(p,M) 6= 0 for any prime ideal p, then
there is a maximal Cohen-Macaulay R-module M0 such that µi(p,M) 6= 0, so the characteristic se-
quence depends entirely on CM(R). To see this, let M = lim−→JMj be an element of lim−→CM(R) with
each Mj ∈ CM(R). For every p ∈ SpecR and i ≥ 0 there are isomorphisms
ExtiR(R/p,M)p ' lim−→
J
ExtiR(R/p,Mj)p = 0
as R/p is finitely generated and localisation preserves direct limits. We therefore see that if µi(p,M) 6=
0, there must be a j ∈ J such that µi(p,Mj) 6= 0, which shows the claim. Therefore, assume that
M ∈ CM(R). If p 6∈ SuppM , then Mp = 0, so µi(p,M) = 0 for all i ≥ 0 since
ExtiR(R/p,M)p ' ExtiRp(k(p),Mp) = 0.
On the other hand, if p ∈ SuppM then Mp is a maximal Cohen-Macaulay Rp-module by [5, 2.1.3(b)],
and depthRp = dimRp = ht p. Yet, also by [5, 2.1.3(b)], grade(p,M) = depthMp, so Ext
i
R(R/p,M) = 0
for all i < ht p, hence µi(p,M) = 0 for all i < ht p. In particular, if N ∈ lim−→CM(R) then µi(p, N) = 0
for all i < ht p, hence Xi ⊆ H(i). In order to show that Xi = H(i) it suffices to show that for
every p ∈ Hi there is a module in lim−→CM(R) such that E(R/p) is a direct summand of the ith
term of its minimal injective resolution. As the canonical module CR is faithful, it is supported
everywhere, but (CR)p ' CRp for all p ∈ SpecR by [5, 3.3.5]. In particular, if ht p = i, we see that
ExtiRp(k(p), (CR)p) 6= 0, hence µi(p, CR) 6= 0. This proves the claim.
(3) We proceed by induction on i. When i = 0 the result is immediate from 4. For induction assume that
[lim−→CM(R)](i) = {M ∈ Mod(R) : Tor
R
j (R/(x),M) = 0 for all R-sequences x and j > i}.
Let M be an R-module and consider the short exact sequence
0 −→ Ω(M) −→ P −→M −→ 0 (4)
where P is projective. SupposeM ∈ [lim−→CM(R)](i+1). Since P ∈ lim−→CM(R) it is also in [lim−→CM(R)](i),
so by 2.7 we see Ω(M) ∈ [lim−→CM(R)](i) as well. By dimension shifting, for every R-sequence x and
k ≥ 1 there is an isomorphism
TorRk (R/(x),Ω(M)) ' TorRk+1(R/(x),M),
in particular we see that TorRi+1+λ(R/(x),M) = Tor
R
i+λ(R/(x),Ω(M)) = 0 for every λ > 0 by the
induction hypothesis. For the reverse inclusion, if TorRj (R/(x),M) = 0 for all j > i + 1 and R-
sequences x, we can again apply R/(x) ⊗R − to (4) and by a similar dimension shifting argument
we see that TorRj (R/(x),Ω(M)) = 0 for all j > i, that is Ω(M) ∈ [lim−→CM(R)](i) by the inductive
hypothesis. We may therefore apply 2.7 to see that M ∈ [lim−→CM(R)](i+1), which proves the claim.
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(4) By 4.5 it suffices to show that there is a cotilting module for lim−→CM(R) of depth d. By [15, 4.12] a
cotilting module for lim−→CM(R) is of the form
C =
∏
p∈SpecR
C(p),
where each C(p) is an R-module arising from the construction given in [15, 4.3]. Since
depth(C) = min
p∈SpecR
depth(C(p)),
if there is a prime p such that depth(C(p)) = d it follows that C is a balanced big Cohen-Macaulay
module. Such a prime ideal is given by the maximal ideal m. Indeed, in this case the module C(m)
arises in the exact sequence
0 C(m) E0 E1 · · · Ed−2 Ed−1 E(k) 0ϕ0 ϕd−2 ϕd−1 (5)
where ϕd−1 : Ed−1 −→ E(k) is a surjective cover of E(k) with respect to the class
Add{E(R/p) : p ∈ H(d−1)},
and for each i < d− 1 there is a commutative diagram
Ei Ei+1
Ker(ϕi+1)
ϕi
ψi i
with i the inclusion and ψi : Ei −→ Ker(ϕi+1) a cover with respect to the class
Add{E(R/p) : p ∈ H(i)}.
By exactness there are isomorphisms Ker(ϕi) ' Im(ϕi−1) for every i < d − 1. Therefore we can
decompose (5) into d short exact sequences:
0 Ker(ϕd−1) Ed−1 E(k) 0
0 Ker(ϕd−2) Ed−2 Ker(ϕd−1) 0
...
0 C(m) E0 E1 0
Since each Ei is injective and AssEi ∈ H(i) it is clear that depth(Ei) = ∞ for each i < d, while it is
trivial depth(E(k)) = 0. From the depth lemma given in [5, 9.1.2.(e)] we see that depth(Ker(ϕd−1)) =
1, while depth(Ker(ϕd−2)) = 2 and so on. In particular, we see that depth(C(m)) = d, hence C is a
balanced big Cohen-Macaulay module.
Remark. It follows that the associated primes of the class of balanced big Cohen-Macaulay modules are
the minimal primes. This result, however, was already known due to the following result due to R. Sharp.
Proposition 4.8. [13, 2.1] Let R be a Cohen-Macaulay ring with canonical module. If M is a balanced big
Cohen-Macaulay module, then
Ass(M) ⊆ {p ∈ SpecR : dimR/p = dimR}
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Since R is a Cohen-Macaulay local ring, this is precisely the class of minimal primes.
In the situation when R is a Gorenstein local ring, the class CM(R) coincides with the class Gproj(R) by
[8, 11.5.4], and thus lim−→CM(R) is precisely the category of Gorenstein flat modules. We can use this fact
to generalise the above result to non-local Gorenstein rings, enabling us to obtain the Bass invariants of
Gorenstein flat modules.
Corollary 4.9. Let R be a commutative Gorenstein ring. The following are equivalent.
(1) M is a Gorenstein flat R-module,
(2) For all p ∈ SpecR, the Bass invariant µi(p,M) = 0 for all i < ht p.
Proof. Let us first note that over a commutative noetherian ring being Gorenstein flat is a local property.
In particular M is a Gorenstein flat R-module if and only if Mp is a Gorenstein flat Rp-module for all
p ∈ SpecR.
(1) ⇒ (2). Let M be a Gorenstein flat R-module and p ∈ SpecR. For each i ≥ 0 and prime ideal p
there is an equality µi(p,M) = µi(pRp,Mp) by [8, 9.2.1]. Yet Mp is a Gorenstein flat Rp-module, and
since Rp is a Gorenstein local ring GFlat(Rp) = lim−→CM(Rp) so the implication follows from 4.7.(2).
(2) ⇒ (1). Let M be as in the statement. We will show that Mp is a Gorenstein flat Rp-module for
every p ∈ SpecR. If q is a prime ideal of R contained in p then (R \ p)∩ q = ∅, so there is an equality
µi(q,M) = µi(qp,Mp) for every i ≥ 0 by [8, 9.2.1]; in particular, µi(qp,Mp) = 0 for all i < ht q. Yet the
prime ideals in Rp are precisely the localisations of the prime ideals of R contained in p, so for every
qp ∈ SpecR we see µi(qp,Mp) = 0 for all i < ht qp = ht q. Since Rp is a Gorenstein local ring, it is
Cohen-Macaulay and we can use the characteristic sequence in 4.7.(2) to see that Mp is in lim−→CM(Rp),
so is a Gorenstein flat Rp-module. Since p was arbitrary, it holds at every p ∈ SpecR, so M is a
Gorenstein flat R-module.
Remark. The Bass invariants for Gorenstein flat modules are already known due to results in Gorenstein
homological algebra. For example, they can be deduced immediately from what Christensen calls the AB
Formula for Gorenstein Flat dimension in [6, 2.3.13]. This states that if R is a Cohen-Macaulay local
ring with a canonical module, then if M is an R module with finite Gorenstein flat dimension, there is an
equality
GfdRM = sup{depthRp − depthRp Mp : p ∈ SpecR}.
Remark. It is conceivable that there are non-Gorenstein commutative noetherian rings R such that the
Gorenstein flat R-modules have the Bass invariants given in 4.9. Indeed, R itself would be a Gorenstein
flat R-module, so the localisation Rp would be a Cohen-Macaulay local ring at each prime ideal. However,
since we cannot determine µi(p, R) for i > ht p, it is not clear how to determine if Rp has finite injective
dimension.
Example 4.1. Suppose thatR is a commutative Gorenstein ring such that the classes of flat and Gorenstein
flat modules coincide (a regular local ring provides an example of such a ring). For every p in SpecR, the
localisation Rp is a Gorenstein local ring with canonical module Rp, so
ExtiRp(k(p), Rp) =
{
k(p) if i = ht p,
0 otherwise.
In particular, we see that µi(p, R) = 0 for all i 6= ht p, rather than just being able to talk about i < ht p.
Consequently if M is a Gorenstein flat (and therefore flat) module we have µi(p,M) = 0 for all i 6= ht p.
Therefore the result proved above agrees with Xu’s characterisation of Bass invariants for flat modules over
commutative Gorenstein rings, as given in [16, 5.1.5].
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Let us now consider grade in relation to balanced big Cohen-Macaulay modules. For each i ≥ 0 define
Di = {M ∈ Mod(R) : depthM ≥ i}.
It is clear that Di ⊂ Di−1 for all i ≥ 1 and from 3.4 we see that Dd+1 = Dd+k for any k > 1. Moreover, as
k is finitely generated as an R-module we see that lim−→CM(R) ⊆ Dd as the functors Ext
i
R(k,−) preserve
direct limits for all i > 0. We can consider a corresponding result to 4.7 for the class Dd.
Theorem 4.10. Let R be an arbitrary Cohen-Macaulay ring of dimension d.
(1) Dd is d-cotilting.
(2) The characteristic sequence for Dd is (pSpecR,pSpecR, · · · ,pSpecR).
(3) The sequence of cotilting classes corresponding to Dd is
(Dd,Dd−1, · · · ,D1).
(4) Set E0 = Add {E(R/p) : p ∈ pSpecR}. Then a cotilting module inducing Dd is
ΩdE0(E(k)),
dth syzygy of a minimal resolution of E(k) with respect to the class E0. Moreover, this module has
depth d.
Proof.
(1) It is obvious that Dd is definable and resolving. Let
0 X M0 M1 · · · Md−2 Md−1f0 f1 fd−1
be an exact sequence with Mi ∈ Dd for 0 ≤ i < d. There are then d short exact sequences
0 −→ im fi −→Mi −→ coker fi −→ 0
and applying the functor HomR(k,−) to these shows that depth im fi ≥ depth coker fi + 1 for all i, as
depthMi ≥ d. However, coker fi ' im fi+1 for all 0 ≤ i < d− 1, and therefore
depthX = depth im f0 ≥ depth im f1 + 1 ≥ · · · ≥ depth coker fd−1 + d ≥ d.
In particular, we see that X ∈ Dd, showing that Dd is d-cotilting.
(2) Let X = (X0, · · · , Xd−1) be the characteristic sequence for Dd. If p ∈ SpecR, note that any homomor-
phism k −→ E(R/p) factors through E(k), giving a non-zero homomorphism E(k) −→ E(R/p). But
by [8, 3.3.8(4)], this can only happen if p = m, hence for every p ∈ SpecR the indecomposable injective
E(R/p) lies in Dd and E(k) 6∈ Dd. But since AssE(R/p) = p, it follows that pSpecR = X0. By
definition of depth, it follows that for every i < d and M ∈ Dd we have µi(m,M) = 0, so Xi = pSpecR
for all 1 ≤ i ≤ d− 1.
(3) Similar to the corresponding result in 4.7 we will proceed by induction. The n = 0 case is clear, so
assume that (Dd)(i) = Dd−i for some i < d− 1. For any R-module we have the short exact sequence
0 −→ Ω(M) −→ P −→M −→ 0 (6)
with P projective which gives isomorphisms ExtjR(k,M) = Ext
j+1
R (k,Ω(M)) for every j > 0. Suppose
M ∈ (Dd)(i+1), then it follows from (6) and 2.7 that Ω(M) ∈ (Dd)(i) = Dd−i, hence depth Ω(M) ≥ d−i.
But by the above isomorphisms it follows that depthM ≥ d− (i+ 1), so M ∈ Dd−(i+1). On the other
hand if M ∈ Dd−(i+1) then depth Ω(M) ≥ d− i, so Ω(M) ∈ (Dd)(i) giving M ∈ (Dd)(i+1) by 2.7.
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(4) As in the proof of 4.7(4), to construct the cotilting module we follow the process given in [15]. In
particular a cotilting module that generates Dd will be of the form
C '
∏
SpecR
C(p),
where C(p) := E(R/p) if p ∈ AssDd = pSpecR and C(m) arises in the following exact sequence
0 C(m) E0 E1 · · · Ed−2 Ed−1 E(k) 0ϕ0 ϕd−2 ϕd−1
where ϕd−1 : Ed−1 −→ E(k) is an E0-cover, ϕi : Ei −→ Ei+1 is an E0-cover of kerϕi+1 for all i ≤ d− 2
and C(m) = kerϕ0. Yet this is the same as saying that C(m) is the dth syzygy of a minimal E0
resolution of E(k). Now
ExtiR
−, ∏
p∈pSpecR
E(R/p)
 = 0
for every i ≥ 1 as the product of injective modules is injective, these modules are redundant in defining
the cotilting class. Consequently the only module that contributes to inducing Dd from the above
construction is ΩdE0(E(k)). That the depth of this module is d follows from the proof of 4.7(4).
In [4] the classes lim−→CM(R) and Dd, there denoted CohCM(R), were compared as definable extensions
of the class of maximal Cohen-Macaulay modules. In particular, it was shown in [4, 3.8] that over a
d-dimensional Cohen-Macaulay ring with a canonical module that the classes lim−→CM(R) and Dd coincide
if and only if d = 1. By comparing the characteristic sequences corresponding to these two classes, we
can further see this difference by observing that lim−→CM(R) is the smallest d-cotilting class containing the
maximal Cohen-Macaulay modules, while Dd is (over any Cohen-Macaulay ring) the largest such d-cotilting
class. In particular, whenever d > 1, we can completely determine the d-cotilting classes containing the
maximal Cohen-Macaulay modules by considering the characteristic sequences that lie between those given
in 4.7 and 4.10. Moreover, in the case that R is one dimensional, so lim−→CM(R) = D1, we can see there
is only one 1-cotilting class containing the maximal Cohen-Macaulay modules, which is precisely the class
{M ∈ Mod(R) : HomR(k,M) = 0}.
Example 4.2. If R is a one-dimensional Gorenstein ring, then [10, 16.26] shows that every cotilting class
is of the form
C = {M ∈ Mod(R) : HomR(R/p,M) = 0 for all p ∈ PC},
where PC is a subset of SpecR containing only height one prime ideals. In particular, if (R,m, k) is local,
there is one such prime, the maximal ideal, so the only cotilting class is
{M ∈ Mod(R) : Hom(k,M) = 0} = D1 = lim−→CM(R) = GFlat(R).
In particular, a cotilting module inducing this class is HomR(E(k), E(k)) ' Rˆ, the m-adic completion of
R.
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